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The thesis ”Comparative Analysis of Two Rates” belongs to the field of theory of 

statistics. More specifically, this work considers the comparative analysis of two 

frequencies of event occurrence or two relative frequencies. The objective of the 

study has been to improve the basic methods that are currently used for the 

analysis of frequency data, and to develop required new methods. Although the 

starting point for this research has been certain fundamental principles of 

theoretical statistics, the solutions to the problems have been approached from 

the perspective of the foremost application areas, viz. epidemiology.  

The focus of epidemiologic research is the determination of the generality of 

disease in certain populations. When the concern is with the unraveling of the 

causes of diseases or etiologic research, the study design is often founded on 

the comparison of two populations. Thereafter statistical techniques are 

employed to evince that the suspected causal factor had brought about the 

elevation of disease risk in the exposed population in relation to the level of risk 

in a population unexposed to that factor. The difference or ratio of the 

prevalence or incidence of disease is used a measure of the relative occurrence 

of disease. These comparative parameters have sometimes been called risk 

difference and risk ratio. When the study design does not render the direct 

determination of these quantities, one can consider a third parameter, the so-

called odds ratio or the ratio of the exposure possibilities. The estimation of this 

parameter is called for in the context of the case-control sampling design. 

Herein one compares the exposures to some risk factor of the disease cases 

and their selected comparison persons. In other words, the design is logically or 

temporally inverted to the traditional setting, in which one follows the possible 

disease events of exposed and non-exposed persons. 

In a non-experimental research situation, naturally, we cannot beforehand 

select the contrasted groups to be mutually fully comparable with respect to all 

confounding factors impeding the comparison. However, so that the comparison 

would be valid, the customary procedure is to consider in the data analysis 

phase the measures of disease occurrence at the different levels of the 

confounder(s). The statistical problem then becomes the combining of the 

estimates from the various sub-populations in the most optimal manner. 

Stratification analysis will be especially problematic when the study populations 



are initially based on small numbers, whereby the uncertainty of the statistical 

inferences drawn from the sub-populations increases further. 

Shortly put, the present thesis examines the simple and stratified analysis of 

three comparative parameters. The three central forms of data analysis are: 

 Significance testing of a given value of the parameter at issue 

 Estimation of a generally unknown value of the parameter  

 Setting statistical error bounds for the parameter in question 

Of course, the above-mentioned tasks involve common elements and 

perspectives. Thus it seems reasonable to use only one and the same statistic 

to solve these problems. The prevailing (i.e., in 1984) epidemiologic research 

practice, however, has not recognized the conceptual connection of statistical 

significance testing and parameter estimation, and different techniques have 

been chosen to perform the exercises. Moreover, the principles of deriving 

these quantities have differed from each other. As a consequence of this 

practice the applied methods have been incoherent, and also the analysis 

results may have been poor. A partial reason for the previous situation has 

been the requested computational simplicity. But nowadays the complexity of 

the computing algorithms can no longer be a valid obstacle for the employment 

of theoretically optimal procedures. 

The most reduced form of an epidemiologic study material is to arrange it as a 

2x2 contingency table so that the frequencies of the table represent the 

numbers of cases of disease and disease-free subject exposed and unexposed 

to a risk factor under investigation. The development of the analysis techniques 

for this simple design began originally already in 1900 when Karl Pearson 

derived his chi square test statistic. Hence one could well think that the analysis 

of fourfold tables would have been a fully exhausted subject already long ago. 

However, the 2x2 table analysis has stood as a foundation for rather far-

extending techniques. Thus there is reason to suppose that, if it possible to 

make the elementary analysis even a little more optimal, it can have significant 

implications in more complicated settings, for example, in the analyses of 

multiple 2x2 tables. 

The contents of this thesis (Chapters I-V) have been centrally influenced by the 

works of three statisticians. By coincidence, they all in their times have acted as 

professors of Harvard University. The first one of them was Edwin B. Wilson, 

who in 1927 presented the correct approach to the estimation of a confidence 

interval for a binomial parameter. The essential principle in this procedure was 

that the estimation of the variance of the empirical statistic is done taking into 

account its dependence on the value of the theoretical parameter, regardless of 

what the actual value is. Because this value can thus be, for example, the 

tested value as a null-hypothesis or any other unknown value, the method 



constructed a connection between significance testing and interval estimation. 

This Wilson approach was used in this thesis as a paradigm for the analysis of 

two binomially or Poisson-distributed occurrence measures. 

From the point of view of this thesis work, the second significant article was 

published in 1954 by a remarkable statistician William G. Cochran a little before 

moving to Harvard University. His writing handled methods for improving 

conventional chi square tests for the analysis of contingency tables. Particularly 

in the case of several 2x2 tables he proposed a weighted statistic, whose 

weights were chosen in such a manner that they were optimal when the tested  

null-hypothesis was independence of the table proportions. This independence 

was assumed to obtain on a logistic scale. As alternative assumption was either 

constant risk differences or risk ratios that prevailed in the sub-populations. 

Cochran approached the solution to the optimal system of weights in the 

context of a cohort study design. He considered two series of independent 

binomial proportions and did not regard the total frequencies of disease cases 

as fixed numbers. 

In 1959, American cancer researchers Nathan Mantel and William Haenszel 

derived nearly the same chi square statistic starting from a case-control 

sampling design. This outset situation forced them to argue conditionally 

keeping the marginal distributions of the 2x2 tables as fixed frequencies. 

Furthermore, the famous Mantel-Haenszel test presumes that the conditional 

distribution of the exposed disease cases is in large samples asymptotically 

normal. Therefore both marginal distributions should to be approximately 

symmetric. In other words, the total numbers of cases and non-cases should be 

of the same order of magnitude. However, in non-experimental epidemiologic 

studies the distribution of the exposed cases is often quite skewed following 

closely a Poisson distribution. This follows from the empirical situation that the 

referent population is often larger than the index population, and also from that 

the occurrence of a certain disease in a population at large and in the studied 

time interval is a relatively rare event. In case of more than expected disease 

occurrences the Cochran-Mantel-Haenszel test statistic yields an exaggerated 

significance for the observed relation between the exposure and disease. 

In the presented thesis we have tried to fix the above-mentioned deficiencies in 

the structure of the test statistics. First, the proposed methods do not suppose 

that the value of the comparative parameter used in interval estimation is in 

accordance with the null-hypothesis. When the null-hypothesis holds, the chi 

square statistics developed for the various comparative parameters reduce to 

the Cochran-Mantel-Haenszel test. On the other hand, the assumption of 

normality underlying the proposed statistics has been enhanced by making a 

variance-stabilizing transformation. 



The original idea to derive parameter-dependent chi square functions without 

the conditional argument was suggested by Olli S. Miettinen (in around 1983), 

who then acted as the professor of epidemiology and biostatistics at Harvard 

University. He is the third, above-mentioned person who through his teaching 

influenced pivotally to the outcome of this research undertaking. A significant 

part of the proposed methodology was conceived as a result of the long-term 

collaboration between the presenter of thesis and professor Miettinen. 

In the thesis chapters, a reference is made to a great statistician R. A. Fisher. 

Since Fisher was one of the creators of the foundation for modern mathematical 

statistics, it is appropriate to bring to the fore how the presented development 

lays on this premise.  

Chapter I already mentions the principle of conditional inference that is 

important for the theory. In general the question is whether one can separate in 

the likelihood function such an ancillary statistic, which does not contain 

information about the studied exposure-disease relation, and conditionally to 

which the likelihood function can be easily manipulated mathematically. In the 

case of a single 2x2 table the conditional inference presupposes that the 

marginal frequencies of the table do not contain information about the relation. 

In deriving the exact fourfold table test, Fisher did not explicitly mention that 

this would be the case, but he argued as if the realized marginal frequencies 

were non-random numbers. Fisher determined the existence of the relation by 

means of the afore-mentioned odds ratio parameter. Regarding this parameter, 

the marginal frequencies are ancillary statistics, but with respect to the risk 

difference and risk ratio measures they are informative. 

In case of several 2x2 tables the conditional inference led Fisher to develop an 

extended hypergeometric distribution in which the natural parameter is again 

odds ratio. The conditioning ancillary statistics are correspondingly the total 

numbers of the exposed disease cases.The issue is whether one should regard 

these quantities as random numbers is moot. This is because the choice of the 

study base can create implicit restrictions for the realization of the expected 

numbers of cases. However, it can be stated that the proposed approach 

(Chapter II) — which is not based on the hypergeometric distribution — does 

not impose formal constraints on the formation of the marginal totals. Yet the 

likelihood function that yields the estimators of the frequencies can be solved in 

a closed form. This unconditional argument can also be generalized to concern 

the analysis of multiple disease incidence measures. 

The Fisher information measure presents itself again in the context of stratified 

analysis (Chapter II). According to a general principle the information about the 

common parameter collected should be weighted in proportion to the 

comparative information contained in the strata. Cochran applied this principal 

in such a way that he chose a weighting system in which the information was 



proportion to the sample sizes in the strata. That is he employed weights in 

accordance with the null-hypothesis. A more optimal system of weights is 

achieved when one defines the inverse of the stratum-specific variances as the 

comparative information. This measure takes into account, in addition to the 

sample sizes, also the actual (unknown) value of the comparative parameter (to 

be estimated). The statistical problem that one confronts is how the weights can 

be made essentially independent of random variation induced by the sampling. 

A solution was sought via two avenues. The first technique is a generalization of 

the Cochran procedure. This means that the stratum-specific variances that are 

represented in the weights are replaced by quantities that are more stable with 

respect to the sampling variation. The found solution is iterative, but it requires 

only 1 or 2 iteration cycles when the Cochran null weights are used as initial 

values. 

As a second technique, we used the transformation of the stratum-specific 

combined occurrence measures in the numerator of the chi square statistic itself 

(Chapter III). The transformation chosen is the Fisher arcus-sine function, 

which stabilizes the variance of the variance of the occurrence rates. However, 

a complication arrives because the occurrence measure that is dependent on 

the comparative parameter is no longer a binomially distributed variable. The 

required approximate methods lead to quite involved expanded derivations. 

Fortunately resorting to numerical calculations it was possible to simplify the 

final chi square statistics to rather symmetric formulations. 

An exact Bayesian analysis for the comparison of two binomials was presented 

as a new approach (Chapter IV). The Bayesian approach is conceptually clear as 

long as the prior distribution is accepted as proper and found numerically. 

Generally speaking, the results given by the Bayesian analysis have been 

regarded as subject to interpretation and debatable. But in etiologic studies the 

data at hand typically represent the first attempt to get a hint of the factor 

causing the disease. In this special circumstance, an assumed uniform prior 

distribution would seem to be a right-targeted choice. Insofar as this model is 

correct the derived results are significant because using the conventional 

(”frequentist”) statistical theory it is not possible to derive an exact method for 

the estimation of the risk difference or risk ratio parameter. 

Statistical probability statements given by the Bayesian analysis are not the 

same as the confidence statements that rely on sampling theory. Fisher himself 

defended the fiducial argument. Utilizing this notion he aimed at probability 

statements that circumvent the Bayesian theorem. In this approach, the 

probabilities that concern certain fundamental sampling variables are inverted 

to formal inferences about the parameters. 

However, the foundation of the ”fiducial” probability is more arbitrary than 

either the Bayesian credibility or the confidence based notions of probability. 



For this reason the adopted method (Chapter IV) accepted the classical 

Bayesian approach, and compared its results with those yielded by the 

”frequentist” methods. 

Fisher’s last publication appeared in 1962. This is only a one-page paper 

describing an apparently novel method for the interval estimation of odds ratio. 

In fact Cornfield had derived this method earlier in 1956 but because the 

approaches differed from each other, the end-result formulas looked different. 

Finally (Chapter V), the simulation experiments verified that the accuracy of 

this otherwise optimal method worsens considerably, if the so-called Yates 

correction is used, as Cornfield and Fisher did. Finally, the thesis gives a new 

derivation for this odds ratio interval estimation method which shows that it is 

based on the ”efficient score,” whose general expression Fisher had derived 

already in 1925.  


